Let M be a smooth manifold, smoothly triangulated by a simplicial complex K, and A a transitive Lie algebroid on M. The Lie algebroid restriction of A to a simplex ∆ of K is denoted by A !! ∆ . A piecewise smooth form of degree p on A is a family ω = (ω ∆
Introduction
D. Sullivan considered in [14] a new model for the underlying cochain complex of classical cohomologies with rational coefficients for arbitrary simplicial spaces which gives an isomorphism with classical rational cohomologies. This new model is determined by the Rham complex of all rational polynomial forms defined on the simplicial complex triangulating the space. H. Whitney also presented in [17] other cell-like constructions of cochain complexes which induce isomorphisms in cohomology with classical cohomologies.
The present paper arose from efforts to extend those constructions to transitive Lie algebroids and to apply Sullivan's methods for studying formality of transitive Lie algebroids. Among the constructions presented in [14] and [17] , there is one which states that de Rham cohomology of a smooth manifold smoothly triangulated by a simplicial complex is isomorphic to piecewise smooth cohomology of the simplicial complex. This isomorphism is given by restriction of smooth forms to all simplices.
The key ideas concerning class obstruction arising from non-abelian extensions of Lie algebroids have inspired us and led to conjecture that, given a transitive Lie algebroid on a triangulated compact smooth manifold, the morphism given by restriction, which takes smooth forms on the Lie algebroid into piecewise smooth forms on the same Lie algebroid, still remains an isomorphism in cohomology.
The aim of the present paper is to prove this conjecture. For this purpose, we use the structure which commences by fixing a smooth triangulation of the base of a transitive Lie algebroid by a simplicial complex and taking the restriction of the Lie algebroid to all simplices of the triangulation. Since the Lie algebroid is transitive, the restriction of the Lie algebroid to each simplex always exists. When this structure is given, we define the notion of piecewise smooth form in a similar way to Whitney forms on a simplicial complex. The set of all piecewise smooth forms defined on a transitive Lie algebroid over a triangulated base is naturally equipped with a differential, yielding a commutative differential graded algebra. Its cohomology is, by definition, the piecewise smooth cohomology of the Lie algebroid. Each smooth form defined on the Lie algebroid gives a piecewise smooth form defined by taking the restriction of the form to each simplex. This correspondence is a natural map from the usual algebra of the smooth forms on the Lie algebroid to the algebra of the piecewise smooth forms of the same Lie algebroid. Based on three crucial results, namely the triviality of a transitive Lie algebroid over a contractible smooth manifold (Mackenzie) , the Künneth theorem for Lie algebroids (Kubarski) and the de Rham-Sullivan theorem for smooth manifolds, we show that this map is an isomorphism in cohomology.
We have tried to make this paper as self-contained as possible. It is for this reason that some parts of this paper include basic constructions of Lie algebroids and a treatment on non-abelian extensions of Lie algebroids. Throughout the paper, all manifolds are smooth, finite-dimensional and possibly with boundaries of different indices.
Restrictions of transitive Lie algebroids
The restriction of a Lie algebroid to an open subset of the base coincide with the restriction of the underlying vector bundle. For more general submanifolds of the base, the restricted Lie algebroid may not coincide with the restriction of the underlying vector bundle, but it will be a vector subbundle of the restriction of the underlying vector bundle. Restrictions of Lie algebroids to submanifolds of the base are given by inverse image of Lie algebroids through the inclusion of submanifolds. The transitivity of Lie algebroids plays an important role on restrictions to general submanifolds. In order to have a coherent notation and terminology throughout the paper, we shall summarize some definitions and examples of Lie algebroids. A reasonably complete description of definitions and results on Lie algebroids can be found in Mackenzie [4] , [5] and [6] and Kubarski [3] . A short introduction to the categorical point of view of Lie algebroids can be seen in the preprint "Transitive Lie algebroids -categorical point of view " by Mishchenko [11] .
Let M be a smooth manifold, possibly with boundary and corners, T M the tangent bundle to M and Γ(T M) the Lie algebra of the vector fields on M. We recall that a Lie algebroid on M is a vector bundle π : A −→ M on M equipped with a vector bundle morphism γ : A −→ T M, called anchor of A, and a structure of real Lie algebra on the vector space Γ(A) of the sections of A such that the map γ Γ : Γ(A)−→Γ(T M), induced by γ, is a Lie algebra homomorphism and the action of the algebra C ∞ (M) on Γ(A) satisfies the natural condition:
for each ξ, η ∈ Γ(A) and f ∈ C ∞ (M). The Lie algebroid A is called transitive if the anchor γ is surjective. As usually, when there is no ambiguity, we drop the anchor map and the Lie bracket in the notation of the Lie algebroid but, when it is needed to emphasize them, we write (A, [·, ·], γ) for denoting this structure.
If (B, 
When M = N and ϕ is the identity map, the Lie algebroid morphism is called a strong Lie algebroid morphism and denoted simply by ψ. We notice that, in this case, a simple characterization to ensure that a vector bundle morphism between two Lie algebroids is a Lie algebroid morphism can be seen in [3] or [4] . Namely, if (A, [·, ·], γ) and (B, [·, ·], δ) are Lie algebroids over the same smooth manifold M, then a vector bundle morphism ψ from A to B is a Lie algebroid morphism if, and only if, γ = ψ • δ and the map ψ Γ : Γ(A) −→ Γ(B), induced by ψ, is a Lie algebra morphism.
We give some examples of Lie algebroids. The first three examples are widely used in this work.
Example 1 (Lie algebras). Any real finite dimensional Lie algebra g over a one-point space M = { * } with anchor equal to zero is a Lie algebroid on M. Any Lie algebra morphism between two Lie algebras is a Lie algebroid morphism for this structure of Lie algebroid.
Example 2 (Tangent Lie algebroid). If M is a smooth manifold then T M is a Lie algebroid on M. The anchor map is the identity map of T M, and the Lie bracket is the usual Lie bracket of vector fields. This Lie algebroid is called the tangent Lie algebroid of M. More generally, if F is a regular foliation in M, then the tangent Lie algebroid of F is the vector subbundle of T M consisting of tangent spaces to F , with the usual Lie bracket, and the inclusion map as the anchor. Any Lie algebroid whose anchor map is injective is isomorphic to the tangent algebroid of some regular foliation (see Kubarski [3] ). Let (A, [·, ·], γ) be a Lie algebroid over a smooth manifold M. Then, the anchor map γ : A −→ T M is a Lie algebroid morphism from A to the tangent Lie algebroid of M.
Example 3 (Trivial Lie algebroid). Let g be a real finite dimensional Lie algebra and M a smooth manifold. Consider the trivial vector bundle M × g of base M. On the fibre product
we define an anchor map γ : T M ⊕ (M × g) −→ T M by taking γ to be the projection of
for X, Y ∈ Γ(T M) and u, v : M −→ g smooth maps. The vector bundle T M ⊕ (M × g), equipped with this anchor and this Lie bracket on the set of the sections, is a Lie algebroid on M and is called trivial Lie algebroid on M with fibre g. 
where
Consider now a real finite dimensional Lie algebra g and the tangent Lie algebroid T M.
The Lie algebra g is a Lie algebroid over a one-point space N = { * }. We may take the product of Lie algebroids
On the other hand, we can consider the trivial Lie algebroid T M ⊕ (M × g) over M and we easily see that the map f :
is an isomorphism of Lie algebroids. Henceforth, we will identify both Lie algebroids.
Example 5 (Lie algebra bundle). A Lie algebra bundle over a smooth manifold M is a vector bundle π :
is a real Lie algebra and L admits an atlas
in which each ψ jx is a Lie algebra isomorphism. Any Lie algebra bundle is a Lie algebroid, in which its anchor is equal to zero and the Lie bracket is defined in natural way. We show now two examples of Lie algebra bundles. Let π : E −→ M be a vector bundle on a smooth manifold M. Then, the vector bundle End(E) = L(E; E), whose fibres, at each point x ∈ M, are the vector spaces L(E x ; E x ), is a Lie algebra bundle (see [4] ).
Let A be a Lie algebroid on M, with anchor γ : A −→ T M, and consider the Atiyah sequence
Then, Ker γ is a Lie algebra bundle on M.
Example 6 (Lie algebroid of a Lie groupoid). Let G and M two smooth manifolds. The manifold G is called a Lie groupoid on M if it is given two surjective submersion α : G −→ M and β : G −→ M, called the source projection and the target projection respectively, a smooth map 1 : M −→ G called the object inclusion map, a smooth multiplication in G * G = {(h, g) ∈ G×G : α(h) = β(g)} and a map G −→ G called inverse map and denoted by g −→ g −1 , satisfying certain identities (for the details, see Mackenzie [4] , definition 1.1.1 and definition 1.1.3). Denote by A(G) the vector bundle x∈M T 1x G x (disjoint union). Consider the map γ : A(G) −→ T M defined by γ(a) = Dβ 1x (a). Define a Lie bracket on Γ(A(G)) in the following way: for each ξ and η ∈ Γ(A(G)), the Lie bracket is defined by
in which ξ ′ and η ′ denote the unique α-right-invariant vector fields on G such that ξ
is a Lie algebroid on M and is called the Lie algebroid of the Lie groupoid G. Lie groupoids and Lie algebroids enjoy some of the properties of Lie groups and Lie algebras. We notice that not every Lie algebroid is integrable to a Lie groupoid. The theorem 4.1 of the paper [1] shows necessary and sufficient conditions so that a Lie algebroid is integrable to a Lie groupoid.
An example of a Lie algebroid constructed from a Lie groupoid is the Lie algebroid of the covariant derivatives of a Lie algebra bundle. We describe this example now. Let M be a smooth manifold and π : E −→ M a vector bundle on M. Denote by Φ(E) the Lie groupoid on M made by all linear isomorphism ξ : E x −→ E y for each x, y ∈ M, in which the source map α : Φ(E) −→ M and the target projection β : Φ(E) −→ M are defined by α(ξ) = x and β(ξ) = y, the object inclusion map 1 : M −→ Φ(E) is defined by x −→ id Ex and the multiplication is the composition of maps (see example 1.1.12 of [4] ). For each n ≥ 1, let π L : L n (E; E) −→ M be the vector bundle whose fibre at z ∈ M is the vector space of all p-linear maps from
where x, y ∈ M, ξ : E x −→ E y is a linear isomorphism and ϕ ∈ L n (E x ; E x ) (see section 1.6 of [4] for more details on actions of Lie groupoids). A section η ∈ Γ(L n (E; E)) is stable for this action if, for all x, y ∈ M, there is a linear isomorphism ξ :
The stabilizer of Φ(E) at η is a Lie groupoid on M (see example 1.3.4 and theorem 1.6.23 of [4] ). We notice that a section η ∈ Γ(L n (E; E)) need not be stable. Nevertheless, for a Lie algebra bundle π
is a stable section for the action above restricted to the vector bundle 2 (K; K) (example 1.7.12 of [4] ). Hence, the stabilizer of Φ(K) at [·, ·] is well defined (theorem 1.6.23 of [4] ). Its Lie algebroid is denoted by D Der (K) and called the Lie algebroid of the covariant derivatives of K. The Lie algebroid D Der (K) is transitive (see [4] , [8] , [9] , [10] ).
Example 7 (Adjoint Lie algebra bundle). Let M be a smooth manifold and π : K −→ M a Lie algebra bundle on M with fibre type g. Consider the Lie subalgebra Der(g) of the Lie algebra gl(g) made by the derivations of g. By the proposition 3.3.9 from [4] , it can be seen that the Lie subalgebra Der(g) corresponds to a unique Lie algebra subbundle of the Lie algebra bundle End(K). This Lie algebra subbundle is denoted by Der(K) and its elements are called derivations of K. Thus, the image ad(K) of K, by the Lie algebra bundle morphism ad : K −→ Der(K) defined by ad x : K x −→ Der(K x ) for each x ∈ M, is a Lie algebra subbundle of Der(K), in which the fibre ad(K) x is an ideal of Der(K x ). Consequently, the Lie algebra bundle quotient Der(K)/ad(K) is well defined (see [4] ). The Lie algebra subbundle ad(K) is called the adjoint Lie algebra bundle of K. The Lie algebra bundle quotient Der(K)/ad(K) usually is denoted by Out (K). 
(T ϕ)
* A is also a vector bundle over N, in which its projection is the composition of the projection γ with the canonical projection π T N . We obtain the following commutative diagram 
where Φ stands for the canonical map from the vector bundle π * : ϕ * (A) −→ N to the vector bundle π : A −→ M defined by Φ(x, u) = u. The notable fact is that the vector bundle π T N • γ : (T ϕ) * A −→ N inherits a natural structure of transitive Lie algebroid on N. We note this structure of Lie algebroid on next proposition. The details of the proof can be found in [3] or [4] . 
Thus, the pair of mappings (ϕ !! , ϕ), in which ϕ !! : (T ϕ) * A −→ A is the smooth map defined by ϕ !! (X, a) = a, is a morphism of Lie algebroids.
Keeping the same hypothesis and notations as above, the vector bundle π T N • γ : (T ϕ) * A −→ N, equipped with this structure of Lie algebroid, is called the Lie algebroid inverse image of A by the map ϕ and denoted by (ϕ Example. Let g be a finite dimensional Lie algebra. It is know that g is a Lie algebroid over a one-point space M = { * }. Let N be a smooth manifold and ϕ : N −→ M the constant map. Then, (T ϕ)
* g is equal to T N ⊕ (T N × g) and we easily see that the anchor and the Lie bracket of the Lie algebroid (T (ϕ)) * g coincides with the ones of the trivial Lie algebroid T N ⊕ (T N × g).
We define now the restriction of a transitive Lie algebroid to any submanifold of the base space. It is evident that, in the case in which U is an open subset of M, the Lie algebroid restriction A !! U has the natural structure of the transitive Lie algebroid given on the restricted vector bundle A U , that is, the map ψ :
is an U-isomorphism of Lie algebroids. Therefore, the Lie algebra structure on the set of the sections of A a) The bundle Im ϕ !! is a vector subbundle of A N and ϕ
. We will calculate a local expression for this last Lie bracket. Fix a local frame ( 
in which ξ and η are sections of A such that ξ /N = ξ and η /N = η. Thus, the map
isomorphism of Lie algebroids whose its inverse is the map
Proof. Since N is a closed subset of M, it is always possible to extends sections of Im ϕ !! to a sections of A. By using c) and d) of last proposition and similar arguments given on the definition of Lie bracket of a restriction to an open subset, we can define a Lie bracket on the sections of Im ϕ !! .
Remark. The Lie algebroid Im ϕ !! constructed on last proposition can be identified to the Lie algebroid A !! N and so, the Lie algebroid Im ϕ !! is also called the Lie algebroid restriction of A to N. Henceforth, the Lie algebroid Im ϕ !! will also be denoted by A !! N . We finalize this section with the following three propositions widely used in this paper. Proposition 1.5. (Transitivity of restrictions) Let M, N and P three smooth manifolds such that ϕ : N ֒→ M is a submanifold, which is a closed subset of M, and ψ : P ֒→ N is a submanifold, also closed in N in the topological sense. Consider a transitive Lie alge-
is an isomorphism of Lie algebroids over P .
Given a smooth manifold M and N a submanifold of M, the vector bundle T M N , restriction of T M to a N, does not coincide in general with the tangent bundle T N. However, in the context of restrictions of transitive Lie algebroids, the situation is different and much better because they coincide. We note that property in the next proposition. 
N , seen as the Lie algebroid Im ϕ !! , is constituted by the elements ((x, u), (x, v)) ∈ T M ⊕ (M × g) such that there exists ( x, u) ∈ T N satisfying the equality T (ϕ)( x, u) = γ((x, u), (x, v)). Then, (x, u) = ( x, u) ∈ T N and so we have that (
Smooth forms and cohomology
We shall recall briefly the notion of Lie algebroid cohomology and collect some results concerning Lie algebroid extensions. This section ends stating and proving the triviality of a transitive Lie algebroid on a contractible manifold. This last result will be used in the proof of the main theorem.
Let M be a smooth manifold and A a Lie algebroid on M. Let R M denote the trivial vector bundle M × R of base M. We recall that a smooth form of degree p on A is a section of p A * ; R M . The set of all smooth forms of degree p on A will be denoted by
Clearly, the exterior product of alternated multi-linear maps induces an exterior product in Ω * (A; M) = p≥0 Ω p (A; M). Thus, this product makes Ω * (A; M) into a commutative graded algebra in which the constant map 1 ∈ C ∞ (M) is the unit. We notice that Ω * (A; M) vanishes for degrees > rank of A. Next, we recall the definition of exterior derivative on A. We first consider the algebra Ω 0 (A; M) = C ∞ (M). Let f ∈ C ∞ (M) a smooth map. We can define the smooth 1-form
defines, on the algebra Ω * (A; M), a structure of differential graded algebra, which is commutative. Hence, Ω * (A; M) becomes a commutative cochain algebra defined over R.
Definition 2.1. The Lie algebroid cohomology space of A is the cohomology space of the cochain algebra Ω * (A; M) equipped with the structures defined above. This cohomology space is denoted by H * (A; M).
In order to state a result concerned with extensions of smooth forms on Lie algebroids, we recall the definition of inverse image of a smooth form. Let A and B be two Lie algebroids defined respectively over the smooth manifolds M and N. Let λ = (ψ, ϕ) be a morphism of Lie algebroids defined by the smooth maps ψ : A −→ B and ϕ : M −→ N. If ω ∈ Ω p (B; N) is a smooth form on B of degree p, we can consider a smooth form of degree p on A, denoted by λ * ω, and defined by
The form λ * ω is called the pullback or inverse image of ω by the morphism λ. Thus, for each p ≥ 0, there is a map
The family λ * = (λ * p ) p≥0 is a morphism of cochain algebras. 
Then, the morphism of cochain algebras
Proof. Let us denote the anchor of A by γ. Given a smooth form
The result follows since any smooth extension ω ∈ Ω * (A; M) of ω satisfies the equality λ * (ω) = ω.
One of the properties listed in the introduction which is needed for the proof of our main result is the triviality of a transitive Lie algebroid over a contractible manifold. This property is a direct consequence of a deep result, due to Mackenzie, about actions from a certain cohomology space on the set of operators extensions of Lie algebroids by Lie algebra bundles. The notions of couplings corresponding extensions of Lie algebroids by Lie algebras bundles and the affine space of operator extensions play a leading role in the development of the matter in question. The heart of the theory is that the additive group of the cohomology space in degree two of a special representation induced by a coupling acts freely and transitively on the affine space of operator extensions (see Mackenzie [4] ). In order to state both results, we briefly summarize now some definitions and examples used in the study of the subject concerned, following [3] and [4] . Teleman presents in the paper [16] an approach to the theory of non-abelian Lie algebra extensions for the algebraic version of Lie algebroids. The MacLane's book [7] contains an algebraic introduction to the theory of extensions.
Let M be a smooth manifold and π : E −→ M a vector bundle on M. For each x ∈ M, denote by A(E) x the vector space of all linear maps ψ : Γ(E) −→ E x such that there exists a vector u ∈ T x M satisfying the equality
for all f ∈ C ∞ (M) and ξ ∈ Γ(E). The vector u is unique and so we can define a map γ :
We denote by A(E) the disjoint union x∈M A(E) x . We define a Lie bracket on the space of the sections of A(E) locally as follows. Fix a local trivialization ϕ : π −1 (U) −→ U × F of the vector bundle E, in which U is an open subset of M and F is the fibre type of E. Let gl(F ) be the Lie algebra of F and, for each ξ ∈ Γ(E), the map ξ ϕ : U −→ F defined by ξ ϕ (x) = ϕ x (ξ x ), in which ϕ x : E x −→ F is the linear map induced by ϕ. It can be seen in the section 1.2 of [3] that the map ϕ :
is bijective. Therefore, the anchor and the Lie bracket on the sections of the trivial Lie algebroid T U × gl(F ) can be carried to A(E) U and the space A(E) becomes a transitive Lie algebroid on M, which is denoted by D(E) and called the Lie algebroid of covariant differential operators on E (see [3] , [4] and [5] ). Assume now that A is a Lie algebroid on M, with anchor γ :
of Lie algebroids. Under these conditions, on the graded algebra Ω * (A; M), an exterior derivative can be defined in the same way as we have defined exterior derivative above, but taking ρ(X j ) instead of γ • X j (in our definition of exterior derivative given before, we used the trivial representation ρ ′ defined by ρ ′ (X) = γ • X). The cohomology space of this cochain algebra is denoted by H(A, ρ, E).
Couplings. Let A be a Lie algebroid on a smooth manifold M and K a Lie algebra bundle on M. A coupling of A with K is a morphism Ξ : A −→ Out D(K) of Lie algebroids. In [4] or [5] , it can be seen that a coupling induces a representation of A, 
for ξ, η ∈ Γ(A). Let Λ :
2 (A) −→ K be a lifting of R ∇ (see [8] , [9] and [10] ). Then, the cyclic sum of
defines an element of Z 3 (A, ρ Ξ , ZK). The notable fact is that, the cohomology class of this element is independent of the choice of ∇ and Λ, depending only on the coupling Ξ. The cohomology class of this element is called the obstruction class of the coupling Ξ, and is denoted by Obs(Ξ) (see [4] , theorem 7.2.12).
Extensions of Lie algebroids. In view of the definition of set of equivalence classes of operator extensions, we recall that an exact sequence of Lie algebroids on a smooth manifold M is a sequence
in which A ′ , A and A ′′ are Lie algebroids on M, j and λ are morphisms of Lie algebroids and the sequence is exact as a sequence of vector bundles. We are interested in sequences in which A ′ is a Lie algebra bundle. Given a Lie algebra bundle K, an extension of A by K is an exact sequence
of Lie algebroids over M. The most important extension for our work is the Atiyah sequence
of a transitive Lie algebroid A.
Equivalent extensions. Let M be a smooth manifold, A a Lie algebroid on M and K a Lie algebra bundle on M. Two extensions
are equivalent if there is a Lie algebroid morphism ϕ : A 1 −→ A 2 such that ϕ • j 1 = j 2 and λ 2 • ϕ = λ 1 . In these conditions, ϕ is an isomorphism of Lie algebroids.
Transversals. Let M be a smooth manifold, A a Lie algebroid on M and K a Lie algebra bundle on M. Let
be an extension of A by K. A transversal in the extension is a vector bundle morphism χ : A −→ A ′ such that λ • χ = id A . Since λ is a surjective submersion and a morphism of vector bundles, transversals always exist and they are anchor-preserving morphisms. Fix now any transversal χ : A −→ A ′ in the extension above. We can define a coupling of A with K as follows. Define the map
for each ξ ∈ Γ(A) and Y ∈ Γ(K). The map ∇ χ is a morphism of vector bundles preserving the anchor maps. The composition ♮ • ∇ χ : A −→ Out D(K) is a coupling (see [4] , section 7.3). If ζ : A −→ A ′ is other transversal of the extension, then we obtain the same coupling since the equality ♮ • ∇ χ = ♮ • ∇ ζ holds. The coupling of A with K constructed in this way for any transversal is called the coupling induced by the extension. The map ∇ χ is a Lie derivation law covering this coupling. Thus, in [4] , it can be seen that, for any transversal in the extension and any Lie derivation law ∇ covering the coupling of A with K induced by the extension, there is other transversal ζ :
Operator extensions. Let M be a smooth manifold, A a Lie algebroid on M and K a Lie algebra bundle on M. Let Ξ : A −→ Out D(K) be a coupling of A with K such that Obs(Ξ) = 0 ∈ H 3 (A, ρ Ξ , ZK), in which ρ Ξ denotes the central representation of the coupling. An operator extension of A with K is an extension
such that the coupling induced by this extension coincide with the coupling Ξ. The set of equivalence classes of operator extensions of A by K is denoted by O(A, Ξ, K).
The result, due to Mackenzie, is that H 2 (A, ρ Ξ , ZK) acts freely and transitively on the set O(A, Ξ, K). We begin by defining this action. 
Let g ∈ Z 2 (A; ZK). Then, the action of g on the extension yields the extension
in which A ) is given by
in which i : ZK −→ K denotes the inclusion.
We can now state the main result concerning actions of operators extensions. All details of the (long) proof can be found in Mackenzie [4] , section 7.3. There are several consequences from the previous proposition. For our work, the most important consequence is the triviality of a transitive Lie algebroid on a contractible manifold.
Proposition 2.5. Let A be a transitive Lie algebroid on a contractible smooth manifold M and g = Ker γ, in which γ denotes the anchor of A. Then, A is isomorphic to the trivial Lie algebroid T M × g by a strong isomorphism of Lie algebroids.
Proof. Since A is transitive, we can fix a connection a : T M −→ A (see [4] and [5] ).
and, by transitivity of the action of the previous proposition, there exists [g] ∈ H 2 (T M, ρ Ξ , ZK) such that the extensions
It is known that the extensions
are equivalent (see ([4] ). The conclusion follows by transitivity.
A proof of this result has been done by Mackenzie in [4] , following the theory of nonabelian Lie algebra extensions. Crainic and Fernandes proved the same result (see [1] , corollary 5.6) by using their theorem on integrability of Lie algebroids (see [1] , corollary 5.4 and theorem 4.1).
Piecewise smooth forms and cohomology
For each simplicial complex K, its polytope will be denoted by |K|. Simplex means always closed simplex. A smooth manifold M is said to be smoothly triangulated by a simplicial complex K if there is a homeomorphism t from |K| onto M and, for each simplex ∆ of K, the map t /∆ : ∆ −→ M is a smooth embedding. As usually is done, we shall not make no notational distinction between the manifold and the complex triangulating it. In what follows, all simplicial complexes considered are geometric and finite. Each simplex can be represented as the convex body generated by its vertices and, if its vertices are the points a 0 , a 1 , . . . , a p , we eventually denote this simplex by [a 0 , a 1 , . . . , a p ] . We shall write ∆ ′ ≺ ∆, if ∆ ′ is a face of the simplex ∆. The notation ϕ : ∆ ′ ֒→ ∆, where ϕ is the inclusion map, also will be used when ∆ ′ is a face of ∆. The star of the simplex ∆ in a simplicial complex K, denoted St (∆), is the union of the interiors of all (closed) simplices of K having ∆ as a face. The closed star of the simplex ∆ in K is the union of all (closed) simplices of K having ∆ as a face. The star St (∆) is an open subset in |K| for the weak topology (which is the same as the topology of subspace induced by the topology of the ambient space since the simplicial complex is finite).
There are several variants of piecewise smooth cohomology. What we consider here is mainly the piecewise smooth cohomology of transitive Lie algebroids defined over smooth manifolds which are smoothly triangulated by simplicial complexes. It is in this context that our main result arises. Its proof goes beyond over this notion of piecewise smooth cohomology. Precisely, in the course of the proof we will deal with the piecewise smooth cohomology of Lie algebroids defined over bases which are unions of open stars in the polytope of the simplicial complex. Unions of stars were called by Eilenberg-Steenrod regular neighborhoods and we will follow this terminology (for general definition of regular neighborhood, see Eilenberg-Steenrod [13] , section 9 of the second chapter).
Let M be a smooth manifold, smoothly triangulated by a simplicial complex K, and A a transitive Lie algebroid on M. Let ∆ be a simplex of K. Since ∆ is an embedded submanifold of M, the Lie algebroid restriction A !! ∆ is well defined. Suppose that ∆ ′ is other simplex of K such that ϕ ∆,∆ ′ : ∆ ′ ֒→ ∆ is a face of ∆. By transitivity of restrictions, we have that
We recall that the morphism of cochain algebras generated by the inclusion ϕ ∆,∆ ′ : ∆ ′ ֒→ ∆ is denoted by
and, for each smooth form ω ∆ ∈ Ω p (A !! ∆ ; ∆), the smooth form ϕ
Keeping this hypothesis and notations, we give below the definition of piecewise smooth form. The idea of this definition is based in the Whitney's book [17] or in the Sullivan's papers [14] and [15] . Morgan and Griffiths has also presented in [12] the notion of piecewise smooth form on an ambient space made by a collection of manifolds with transverse intersections. • 
Thus, a piecewise smooth form on A is a collection of smooth forms, each one defined on the Lie algebroid restriction of A to each simplex of K, which are compatible under restriction to faces. The set of all piecewise smooth forms of degree p on A will be denoted by Ω p (A; K). When we need to emphasize the piecewise context, we write Ω
When p = 0, a piecewise smooth form of degree zero on A is a family (ϕ ∆ ) ∆∈K ∈ ∆∈K C ∞ (∆) such that ϕ ∆ : ∆ −→ R is smooth and the equality ϕ ∆ ′ = ϕ ∆ /∆ ′ holds for each face ∆ ′ of ∆. The compatibility condition of restrictions to faces gives a map ϕ : |K| −→ R which is continuous. The map ϕ may not be a differentiable map but it is a piecewise smooth function. The set of all maps ϕ ∈ C(|K|; R) which are compatible with restrictions to the faces of |K| and with smooth restrictions to the faces of |K| is denoted by C ps (|K|; R). Obviously, Ω 0 (A; K) has a natural structure of algebra over R and is naturally identified to C ps (|K|; R).
Since the restrictions of smooth forms are compatible with sums and products, various operations on Ω p (A; K) can be defined by the corresponding operations on each simplex of K. The set Ω p (A; K), equipped with these operations, becomes a real vector subspace of ∆∈K Ω p (A ∆ ; ∆), for each natural p ≥ 0. Thus, Ω p (A; K) is a module over the algebra C ps (|K|; R). When p = 0, Ω 0 (A; K) = C ps (|K|; R) has a structure of an unitary associative algebra over R. Moreover, the direct sum
equipped with the exterior product defined by the corresponding exterior product on each algebra Ω * (A ∆ ; ∆) = p≥0 Ω p (A ∆ ; ∆), is a commutative graded algebra over R. In order to obtain a complex of cochains, especially important is the analogues of exterior derivative. This operator also is obtained by the corresponding exterior derivative on the restriction of A to each simplex of K. Such as in the case of smooth forms on a Lie algebroid, the space Ω * (A; K), with the operations and differentiation above, becomes a cochain algebra, which is defined over R. We shall formulate now the main problem of this paper. Let M be a compact smooth manifold, smoothly triangulated by a simplicial complex K and A a transitive Lie algebroid on M. Let ω ∈ Ω p (A; M) be a smooth form on A of degree p. For each simplex ∆ of K, let ϕ M,∆ : ∆ −→ M be the inclusion map. We can restrict the form ω to the smooth form
. It is obvious that the family ω = (ω / ∆ ) ∆∈K is a piecewise smooth form on A. Hence, we have a linear map
Since the exterior derivative commutes with restrictions to any submanifold of M, the family Ψ = (Ψ p ) p≥0 defines a morphism of cochain algebras from Ω * (A; M) to Ω * (A; K). This map Ψ is called the restriction map. We claim that the restriction map Ψ induces an isomorphism in cohomology. This is our main result and the paper is devoted to the proof of this result.
The relationship between Lie algebroid and piecewise smooth cohomology of a transitive Lie algebroid on a triangulated compact manifold will be made through this isomorphism. There are some facts that we will need for the proof of this theorem such that the MayerVietoris sequences for regular open subsets in the smooth and piecewise smooth contexts, the Künneth theorem in both contexts, the triviality of Lie algebroids over contractible manifolds and the de Rham-Sullivan theorem for cell manifolds. It should be remarked that, for the statement of the Mayer-Vietoris sequence in the piecewise smooth context, we are going to deal with a complex of piecewise smooth forms which may not be defined over a family of closed simplices of a simplicial complex but over a collection of submanifolds obtained by the intersection of closed simplices with a regular open subset. Note that, the definitions and constructions we have made within the context of simplicial complexes did not require specific properties of the simplices. Indeed, these notions and properties can be extended to more general context. To illustrate this idea, let us briefly look at some cases of these constructions. A first example of this generalization is take a simplicial complex and to fix our attention on an open star of one its vertex. The family of submanifolds made by those simplices without the faces opposite to the vertex will be used for our generalization of the piecewise smooth setting. Another illustrative example consists of taking the family defined by intersections of open stars with any open subset of the polytope of a simplicial complex. In this case, the construction of the piecewise smooth setting is done in similar way. The first example is obviously a particular case of this second example. These two examples will be used in the proof of the main result.
We restrict now our attention to this generalization of the piecewise smooth setting. We begin by providing some definitions and notations. Once these ideas are established, we shall then turn towards to the statement of the Mayer-Vietoris sequences for regular open subsets in the smooth and piecewise smooth cases.
Generalization of the piecewise setting. Let M be a smooth manifold, smoothly triangulated by a simplicial complex K. Assume that s 1 , . . . , s e are simplices of K and consider the open subsets
We can consider the family K U of all submanifolds ∆ U = ∆ ∩ U such that ∆ is a simplex of K provide that s j is a face of ∆ for some j ∈ {1, . . . , e}, that is,
Suppose that A is a transitive Lie algebroid on U. A piecewise smooth form of degree p on A is a family
such that, if ∆ and ∆ ′ are simplices of K, with s j ≺ ∆ ′ ≺ ∆ for some j ∈ {1, . . . , e}, and
The set Ω * ps (A; U) of all piecewise smooth forms on A is a graded real vector space. A wedge product and a differential can be defined on Ω * ps (A; U) by the corresponding operations on each cochain algebra Ω * (A !! ∆ U ; ∆ U ), giving to Ω * ps (A; U) a structure of cochain algebra defined over R. The cohomology space of this cochain algebra is denoted by H * ps (A; U). As before, we can define a restriction map
This map Ψ is a morphism of cochain algebras.
Next, we are concerned with a piecewise variant of the Mayer-Vietoris sequence. As in the smooth case, the Mayer-Vietoris sequence is the long sequence induced from the canonical short exact sequence corresponding to two open subsets with union equal to the space and maps given by restriction and difference of forms. We begin by stating this short exact sequence in the piecewise context. Let M be a smooth manifold, smoothly triangulated by a simplicial complex K, and A a transitive Lie algebroid on M. Let s 1 , . . . , s e be simplices of K and consider the open subsets U j = St (s j ), with j ∈ {1, . . . , e}. For l ∈ {1, . . . , e} fixed, consider the open subsets U = U 1 ∪ · · · ∪ U l and V = U l+1 ∪ · · · ∪ U e of M and assume that M = U ∪ V . Consider the following sets of manifolds:
• K U is the set of all submanifolds ∆ U = U ∩ ∆ such that ∆ ∈ K and s j is a face of ∆ for some j ∈ {1, . . . , l};
• K V is the set of all submanifolds ∆ V = V ∩ ∆ such that ∆ ∈ K and s i is a face of ∆ for some i ∈ {l + 1, . . . , e};
• K U ∩V is the set of all submanifolds ∆ U ∩V = (U ∩ V ) ∩ ∆ such that ∆ ∈ K and s j and s i are faces of ∆ for some j ∈ {1, . . . , l} and i ∈ {l + 1, . . . , e}.
Define the following two maps δ and π,
Keeping these hypothesis and notation, we present our next result.
is a short exact sequence.
Proof. Let ∆ be a simplex of K and v the barycenter of this simplex. Since M = U ∪V , the collection of the stars {U j : j ∈ {1, . . . , e}} is an open covering of M. Then, there is an index j ∈ {1, . . . , e} and a simplex ∆ ′ of K such that s j is a face of ∆ ′ and v belongs to the interior of ∆ ′ . Hence, the simplex s j is a face of ∆. Therefore, each simplex of K has some s j as a face. With this property, we easily can see that the map δ is injective and that Im δ = Ker π. We shall check now that the map π is surjective. Since the set {U, V } is an open covering of M, we can fix two smooth maps ϕ, ψ :
be a piecewise smooth form on A U ∩V . We shall define a differential form
as follows. For each ∆ U ∈ K U , set
The sets ∆ U ∩V and ∆ U ∩(M \supp ψ) are open in ∆ U with union equal to ∆ U . Obviously, the restrictions of ξ ∆ U to ∆ U ∩ V and to ∆ U ∩ (M \ supp ψ) are smooth. Therefore, we conclude that
In order to obtain a piecewise smooth form belonging to Ω p ps (A U ; U), it remains to check that (ξ ∆ U ) ∆ U ∈K U is compatible with restrictions to faces. Let ∆ and ∆ ′ be two simplices of K such that s j ≺ ∆ ′ ≺ ∆ for some j ∈ {1, . . . , e}. Then, ∆ ′ U ∩ V ⊂ ∆ U ∩ V and, since γ is piecewise smooth, we have
and we have that, for each x ∈ ∆ U ∩V ∈ K U ∩V ,
the canonical maps (see the paragraph after proposition 1.1) induced from the diagrams
It is obvious that
hold too. These equalities show that the differential form such that
where ξ = (ξ ∆ U ) ∆ U ∈K U ∈ Ω * ps (U) and η ∈ Ω * (g). This map is well defined. Now, we shall see that the map k ps is an isomorphism of differential graded algebras. Obviously, the map k ps is a morphism of graded algebras. For each ∆ ∈ K such that s ≺ ∆, let
be the Künneth isomorphism described by Kubarski in the sixth section of [2] . We have that,
Therefore, if ω = ξ ⊗ η ∈ Ω * ps (U) ⊗ Ω * (g) and k ps (ω) = 0, then (k ps (ω)) ∆ U = 0 and so
Hence ω = (ξ ∆ U ⊗ η) = 0 and, with this, we have checked that k is injective. Take now λ = (λ ∆ U ) ∆ U ∈K U ∈ Ω * ps (A; U). We want to find ω ∈ Ω * ps (U) ⊗ Ω * (g) such that k ps (ω) = λ.
Since k ∆ U is surjective, we can consider smooth forms ξ j ∆ U ∈ Ω * (∆ U ) and η ∈ Ω * (g) such that
Take then the form ω ∆ U = j (ξ j ∆ U ⊗ η). If ∆ ′ and ∆ are simplices of K with s ≺ ∆ ′ ≺ ∆, we have the equalities
. Therefore, we can conclude that (ξ j ∆ U ) /∆ ′ U = ξ j ∆ ′ U . Then, the form ω = (ω ∆ U ) ∆ U ∈K U , in which ω ∆ U = j (ξ j ∆ U ⊗ η), belongs to Ω * ps (U) ⊗ Ω * (g). Obviously, k ps (ω) = λ and then it is checked that k ps is an isomorphism of graded algebras. Part 2. Next, we are going to check that k ps commutes with differential. For each ∆ ∈ K such that s is a face of ∆, the differentials on the complexes Ω * ps (A; U), Ω * ps (U) and Ω * (∆ U ) are denoted by d ps (U) and η ∈ Ω * (g). We have
This proves that k ps is an isomorphism of differential graded algebras. 
Main theorem
Whitney in [17] and Sullivan in [14] have shown that cohomologies obtained by using the cell structure of a space are isomorphic to the singular cohomology of the polytope. Therefore, those piecewise cohomologies also are isomorphic to the Rham cohomology, if the space is a cell smooth manifold. Based both in their work and in the work developed by Mackenzie (see [5] and [4] ) as well by Kubarski (see [2] and [3] ), we have claimed in the previous section that the Lie algebroid cohomology and the piecewise smooth cohomology of a transitive Lie algebroid over a triangulated compact manifold are isomorphic. We proceed to the proof of this assertion for all Lie algebroids under these hypothesis. The proof of this theorem involves, beyond theorems already mentioned before, the Steenrod lemma applied to the commutative diagram shown in the proposition 3.2 of the previous section. In fact, we shall be able to apply the Steenrod lemma if we know that the map Ψ is a quasi-isomorphism for trivial Lie algebroids over stars. Therefore, our first step is to show that the main theorem holds for these trivial Lie algebroids. Proposition 4.2. Let M be a smooth manifold, smoothly triangulated by a simplicial complex K, and s a simplex of K. Let U = St(s) and denote by K U the set of all submanifolds ∆ U = U ∩ ∆ such that ∆ ∈ K and s is a face of ∆. Assume that g is a real Lie algebra and consider the trivial Lie algebroid A = T U × g. Then, the restriction map 
